ABSTRACT. We investigate the Cohen-Macaulay property for rings of invariants under multiplicative actions of a finite group G. By definition, these are G-actions on Laurent polynomial algebras
INTRODUCTION
This article is a sequel to [LP] . Other than in [LP] , however, our focus is specifically on multiplicative invariants. In detail, let L ∼ = Z n denote a lattice on which a finite group G acts by automorphisms. The G-action on L extends uniquely to an action by k-algebra automorphisms on the group algebra k[L] ∼ = k[x ±1 1 , . . . , x ±1 n ] over any commutative base ring k. We are interested in the question when the subalgebra k [L] G consisting of all G-invariant elements of k[L] has the Cohen-Macaulay property. The reader is assumed to have some familiarity with Cohen-Macaulay rings; a good reference on this subject is [BH] .
It is a standard fact that k[L] is Cohen-Macaulay precisely if k is. On the other hand, while k [L] G can only be Cohen-Macaulay when k is so, the latter condition is far from sufficient and rather stringent additional conditions on the action of G on L are required to ensure that k [L] G is Cohen-Macaulay. We will largely concentrate on the case where the base ring k is Z. This is justified in part by the fact that if Z [L] G is Cohen-Macaulay then likewise is k[L] G for any Cohen-Macaulay base ring k; see Lemma 3.2 below. To state our main result we need the following notations. For each m ∈ L, put G m = {g ∈ G | g(m) = m}, the isotropy group of m. Further, let R 2 denote the set of all elements g ∈ G such that the sublattice (g − 1)(L) = {g(m) − m | m ∈ L} of L has rank at most 2; these elements are said to act as bireflections on L. The main result now reads as follows.
Theorem. Assume Z[L]
G is Cohen-Macaulay. Then all G m / G m ∩ R 2 are perfect groups (i.e., they are equal to their commutator subgroups) . If G acts non-trivially on L then some G m is non-perfect.
It would be interesting to determine if the conclusion of the theorem can be strengthened to the effect that all isotropy groups G m are in fact generated by bireflections on L. I do not know if, for the latter to occur, it is sufficient that G is generated by bireflections. The corresponding fact for reflection groups is known to be true: if G is generated by reflections on L (or equivalently, on the vector space L ⊗ Z Q) then so are all isotropy groups G m ; see [St, Theorem 1.5] 
The last assertion of the Theorem implies in particular the multiplicative version of Kemper's 3-copies conjecture:
The 3-copies conjecture was originally formulated in [K, Vermutung 3 .12] for polynomial invariants, that is, G-invariants in the algebra O(V ) of polynomial functions on a vector space V , with G acting via a linear representation G → GL(V ). The conjecture in this case states that if the given representation is nontrivial and modular (i.e., the characteristic of the base field divides the order of G) then the invariant algebra O(V ⊕r ) G will not be Cohen-Macaulay for any r ≥ 3. This is still open. The main factors contributing to our success in the multiplicative case are the following:
• Multiplicative actions are permutation actions:
consisting of all "monomials", corresponding to the elements of the lattice L. Consequently, the cohomology
is simply the direct sum of the various H * (G m , k) with m running over a transversal for the G-orbits in L.
• Up to conjugacy, there are only finitely many finite subgroups of GL n (Z) and these groups are explicitly known for small n. A crucial observation for our purposes is the following: if G is a nontrivial finite perfect subgroup of GL n (Z) such that no 1 = g ∈ G has eigenvalue 1 then G is isomorphic to the binary icosahedral group and n ≥ 8; see Lemma 2.3 below. An outline of the contents of the this article is as follows. The short preliminary Section 1 is devoted to general actions of a finite group G on a commutative ring R. This material relies rather heavily on [LP] . We liberate a technical result from [LP] from any a priori hypotheses on the characteristic; the new version (Proposition 1.4) states that if R and R G are both Cohen-Macaulay and
is detected by k + 1-reflections. Section 2 then specializes to the case of multiplicative actions. We assemble the main tools required for the proof of the Theorem, which is presented in Section 3 along with the proof of the Corollary.
FINITE GROUP ACTIONS ON RINGS
1.1. In this section, R will be a commutative ring on which a finite group G acts by ring automorphisms r → g(r) (r ∈ R, g ∈ G). The subring of G-invariant elements of R will be denoted by R G .
1.2. Generalized reflections. Following [GK] , an element g ∈ G is said to act as a k-reflection on R if g belongs to the inertia group
of some prime ideal P ∈ Spec R with height P ≤ k. The cases k = 1 and k = 2 will be referred to as reflections and bireflections, respectively. Define the ideal
Evidently, P ⊇ I R (g) is equivalent with g ∈ I G (P). Thus:
For each subgroup H ≤ G, we put
It suffices to let g run over a set of generators of the group H in this sum.
A height estimate. The cohomology H
G -module structure as follows. For each r ∈ R G , the map ρ : R → R, s → rs, is G-equivariant and hence it induces a map on cohomology ρ * :
The following lemma extends [LP, Proposition 1.4] .
Lemma. For any
, where g runs over a transversal for the cosets gH of H in G. By [LP, Lemma 1.3 
To prove the lemma, we may assume that ann R G (x) is a proper ideal of R G ; for, otherwise height ann R G (x) = ∞. Choose a prime ideal p of R G with p ⊇ ann R G (x) and height p = height ann R G (x). If P is a prime of R that lies over p then R G H ⊆ P for all H ∈ X and height P = height p. By [LP, Lemma 1.1], the above inclusion implies that
Put p = char R/P and let P ≤ I G (P) be a Sylow p-subgroup of I G (P) (so P = 1 if p = 0). Then I R (P) ⊆ P and [I G (P) : P] / ∈ P. Hence, P / ∈ X and height I R (P) ≤ height P = height ann R G (x). This proves the lemma.
We remark that the lemma and its proof carry over verbatim to the more general situation where
, where M is some module over the skew group ring of G over R; cf. [LP] . However, we will not be concerned with this generalization here.
1.4. A necessary condition. In this section, we assume that R is noetherian as R Gmodule. This assumption is satisfied whenever R is an affine algebra over some noe-
The following proposition is a characteristic-free version of [LP, Proposition 4 .1].
Proposition. Assume that R and R
Proof. We may assume that H k (G, R) = 0. Let x ∈ H k (G, R) be nonzero and put a = ann R G (x). By [LP, Proposition 3.3] , depth a ≤ k + 1. Since R G is CohenMacaulay, depth a = height a. Thus, Lemma 1.3 implies that k + 1 ≥ height I R (H) for some H ≤ G with res G H (x) = 0. The proposition follows. Note that the vanishing hypothesis on H i (G, R) is vacuous for k = 1. Thus, H 1 (G, R) is detected by bireflections whenever R and R G are both Cohen-Macaulay.
MULTIPLICATIVE ACTIONS
2.1. For the remainder of this article, L will denote a lattice on which the finite group G acts by automorphisms
. The group algebra of L over some commutative base ring k will be denoted by k [L] . We will use additive notation in L and write the k-basis element of k[L] corresponding to the lattice element m ∈ L as x m ;
.
The invariant algebra k[L]
G is a free k-module: a k-basis is given by the G-orbit sums
Since all orbit sums are defined over Z, we have
(2.1) 2.2. Let H be a subgroup of G. We compute the height of the ideal
,
It suffices to let g run over a set of generators of the group H in the above sum.
Lemma. With the above notation
To prove the equality rank[H, L] = rank L − rank L H , note that the rational group algebra Q[H] decomposes as the direct sum of ideals
To complete the proof, it suffices to show that
holds for any minimal covering prime 
starting with the prime that is generated by P. Thus, replacing k by Q(k/p), we may assume that k is a field. But then
, where A 0 denotes the torsion subgroup of A. Since P is minimal, we have
, which completes the proof.
Specializing the lemma to the case where H = g for g ∈ G, we see that g acts as a k-reflection on k[L] if and only if
Moreover, the class X k introduced in equation (1.1) can now be written as
2.3. Fixed-point-free lattices for perfect groups. The G-action on L is called fixedpoint-free if g(m) = m holds for all 0 = m ∈ L and 1 = g ∈ G. Recall also that the group G is said to be perfect if
Lemma. Assume that G is a nontrivial perfect group acting fixed-point-freely on the nonzero lattice L. Then G is isomorphic to the binary icosahedral group
Proof. The fact that G must be isomorphic to the binary icosahedral group 2.A 5 is a well-known theorem of Zassenhaus; see [W, Theorem 6.2 .1]. Let L be a fixed-point-free G-lattice of minimal rank r = 0 and put 
Put F = Q( √ 5), the character field of both [I, Theorem 9.21] . Since the Frobenius-Schur indicator of V i is −1, we must have m ≥ 2 and so r ≥ 8, as desired.
We remark that the bound given in the lemma is optimal. Indeed, the binary icosahedral group 2.A 5 is isomorphic to the subgroup of the nonzero quaternions H * that is generated by (a + i + ja * )/2 and (a + j + ka * )/2, where a = (1 + √ 5)/2 and a * = (1 − √ 5)/2 and {1, i, j, k} is the standard R-basis of H. Thus, letting 2.A 5 act on H via left multiplication, H becomes a 2-dimensional fixed-point-free complex representation of 2.A 5 . It is easy to see that this representation can be realized over
A 5 -lattice for V will be fixed-point-free and have rank 8.
Isotropy groups.
The isotropy group of an element m ∈ L in G will be denoted by G m ; so
Lemma.
(a) The set of isotropy groups {G m | m ∈ L} is closed under conjugation and under taking intersections.
Proof. (a) The first assertion is clear, since
holds for all g ∈ G, m ∈ L. For the second assertion, let M be a non-empty subset of L and put
H denote the canonical map. Then
holds for all ℓ ∈ L. Indeed, the non-trivial inclusion ⊇ follows from the fact that the
By (a), this contradicts minimality of H.
Proposition. Assume that G acts faithfully on L and all isotropy groups
H ≥ 8 holds for every nonidentity subgroup H ≤ G.
In the notation of equation (2.2), the conclusion of the proposition can be stated as
Lemma 2.4(a) further implies that H = G m for some m; so we may assume that H is a nonidentity isotropy group. Replacing H by a smaller nonidentity isotropy group if necessary (this does not increase rank L/L H ), we may assume that H is a minimal nonidentity isotropy group. Then, by Lemma 2.4(b), H acts fixed-point-freely on L/L H = 0 and Lemma 2.3 implies that rank L/L H ≥ 8, proving the proposition.
2.5. Cohomology. Let X denote any collection of subgroups of G that is closed under conjugation and under taking subgroups. We will investigate injectivity of the restriction map
that was considered in Proposition 1.4 for X = X k+1 .
Lemma. The map res
G X : H k (G, k[L]) → H∈X H k (H, k[L])
is injective if and only if the restriction maps
are injective for all m ∈ L.
Proof.
where G\L is a transversal for the G-orbits in L and
see [CR, 10.13 ]. Therefore, res G H is the direct sum of the restriction maps
By the Eckmann-Shapiro Lemma [Br, III(5. 2),(6.2)],
In terms of these isomorphisms, the map ρ H,m becomes
where [ . ] denotes the cohomology class of a k-cocycle and h stands for a k-tuple of elements of g G m ∩ H. Therefore,
Ker res
Thus, Ker res G X is isomorphic to the direct sum of the kernels of the restriction maps
with m ∈ G\L. Finally, by hypothesis on X, the groups G m ∩ H g with H ∈ X are exactly the groups H ∈ X with H ≤ G m . The lemma follows.
For later use, we single out the case k = 1.
G is Cohen-Macaulay for all primes p dividing |G|.
G and consider the extension of rings k ֒→ S. This extension is free; see §2.1. By [BH, Exercise 2.1.23], S is Cohen-Macaulay if (and only if) k is Cohen-Macaulay and, for all P ∈ Spec S, the fibre S P /pS P is Cohen-Macaulay, where p = P ∩ k. But S P /pS P is a localization of (S/pS) p\0 ∼ = Q(k/p) [L] G ; see equation (2.1). Therefore, by [BH, Theorem 2.1.3(b) ], it suffices to show that Q(k/p) [L] G is Cohen-Macaulay. In other words, we may assume that k is a field. By [BH, Theorem 2.1 .10], we may further assume that
G is automatically Cohen-Macaulay; see [BH, Corollary 6.4.6] G P is CohenMacaulay. Since, P was arbitrary, (a) is proved.
Since normal rings of (Krull) dimension at most 2 are Cohen-Macaulay, the impli-
G is certainly Cohen-Macaulay whenever k is Cohen-Macaulay and L has rank at most 2.
3.3. We are now ready to prove the main results of this note. Recall that R 2 denotes the set of elements of G acting as bireflections on L; see §2.2.
Theorem. Assume Z[L]
G is Cohen-Macaulay. Then all G m / G m ∩ R 2 (m ∈ L) are perfect groups. If G acts non-trivially on L then some isotropy group G m is non-perfect (and so, in particular, R 2 = 1).
Proof. If Z[L]
G is Cohen-Macaulay then so is k[L] G for k = Z/(|G|); see Lemma 3.2. Therefore, the restriction map
is injective, by Proposition 3.1, and Corollary 2.5 yields that all G ab m are generated by the images of the subgroups H ≤ G m with H ∈ X 2 . In other words, each G ab m is generated by the images of the bireflections in G m . Therefore, (G m / G m ∩ R 2 ) ab = 1. Now assume that G acts non-trivially on L and suppose, for a contradiction, that all isotropy groups G m are perfect. Replacing G by G/ Ker G (L) we may assume that 1 = G acts faithfully on L. Then X k = {1} for all k < 8, by Proposition 2.4. By
To prove this, note that ρ and π = 1 − ρ are orthogonal idempotents in Claim (b) follows. Now, turning to group rings, Claims (a) and (b) above immediately imply that
